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Abstract

Model-based active controllers are designed for two laboratory combustion systems exhibiting a combustion instability,

a simple Rijke tube and an atmospheric pressure combustion rig. The unstable open-loop transfer functions (OLTFs) of

both are measured experimentally using an actuator signal which is comprised of two components; a control signal from an

empirically obtained controller, and a wide-bandwidth signal for identification of the transfer function. This method of

measuring the OLTF could be applied equally well at full scale. Robust model-based controllers are designed for both

systems using linear Nyquist techniques, and are implemented experimentally. Both sets of controllers stabilise their system

(even from within the limit cycle resulting from instability), with a reduction of 80 dB at the Rijke tube microphone and a

reduction of approximately 40 dB at the combustion rig pressure transducer. In addition, both sets of controllers are

demonstrated to control the system beyond the operating conditions which they were designed for, demonstrating the

advantages of robust model-based controllers.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Combustion instabilities are caused by a coupling between acoustic waves and unsteady heat release.
Unsteady combustion is an efficient acoustic source [1,2], combustors tend to be highly resonant systems and
acoustic waves cause variations in unsteady heat release [3]. Therefore, when unsteady heat release generates
acoustic waves, these reflect from the boundaries of the combustor to produce flow unsteadiness near the
flame, further perturbing the heat release. Depending on the phase relationship, acoustic waves may
successively increase in energy, leading to large amplitude self-excited oscillations. These are often energetic
enough to cause severe structural damage to the system.

Combustion instabilities occur in a wide range of combustion systems, including gas turbine combustors in
aero-engines [4], industrial land-based gas turbines [5,6], ramjets and aero-engine afterburners. They are of
particular current concern as the next generation of low NOx gas turbine combustors are especially susceptible
to them.

To eliminate combustion instabilities, the coupling between the acoustic waves and the unsteady heat
release must be interrupted. This can be achieved using passive control methods [7,8], which may either seek to
reduce the susceptibility of the combustion process to acoustic excitation, or to remove energy from the sound
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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waves. Ad hoc hardware design changes such as modifying the fuel injection system or combustor geometry
[9,3] are based on the former approach, while acoustic dampers such as Helmholtz resonators, quarter wave
tubes, perforated plates or acoustic liners [10,11] are based on the latter. The problem with passive approaches
is that they tend to be effective only over a limited range of operating conditions, they may be ineffective at the
low frequencies at which some of the most damaging instabilities occur and the changes of design involved are
usually costly and time-consuming.

Active feedback control provides another means of interrupting the coupling between acoustic waves and
unsteady heat release [12,13]. An actuator modifies some system parameter in response to a measured sensor
signal. The aim is to design the controller (the relationship between the sensor signal and the signal used to
drive the actuator) such that the unsteady heat release and acoustic waves interact differently, leading to
decaying rather than growing oscillations. Typical sensor signals include pressure measurements from
microphones or pressure transducers [14–16] and, if there is optical access to the system, chemiluminescence
measurements from a photomultiplier [17]. Practical actuation is most commonly achieved by unsteady
modulation of the fuel supply. This has been demonstrated experimentally [18–20,17] and at full-scale [14,5],
although obtaining a suitable valve for fuel modulation remains a challenge. Controller design for combustion
systems is made particularly challenging by factors such as large time delays, high background noise levels and
the potential for multiple instability modes [6,21]. In the past, approaches to controller design were somewhat
empirical, but more systematic approaches such as robust model-based control and adaptive control are now
being promoted [12].

Model-based controllers require some knowledge of the open-loop system to be controlled, which may be
obtained through either modelling or measurement. The vast majority of model-based controllers designed for
combustion instabilities so far have been based on mathematical rather than measured models [22–24]. This is
because during instability, the required linear open-loop transfer function (OLTF) is masked by a nonlinear
limit cycle in which the oscillation amplitude is limited by saturation effects in the heat release rate [25],
making direct measurement of it difficult. Furthermore, the consequences of instability may be so severe that
measurement of the system is impractical. However, because combustion systems involve complicated
processes, such as turbulence and combustion itself, which are hard to model accurately, controller designs
based on mathematical models are unlikely to be sufficiently accurate for use in full-scale combustion systems.
It is therefore preferable for controller design to be based on measurement of the system. Two examples in
which model-based controller design was based on system measurement are a Rijke tube in which the system
at the unstable operating point was deduced by measurement of a nearby stable operating point and
extrapolation [26], and a spray combustor in which the nonlinear limit cycle was used as an approximation to
the linear OLTF [27].

The aim of the work in this paper is to design robust model-based controllers for two unstable combustion
systems, based on system measurements. The first system is a Rijke tube, which provides the simplest
laboratory-scale demonstration of combustion instabilities [28]. The second is an atmospheric combustor rig,
designed to model the fuel injection/premix ducts found on each of the nine combustion chambers on the
Rolls-Royce RB211-DLE industrial gas turbine. To overcome the difficulties associated with measurement of
unstable systems, a method of using an empirically obtained controller (which may have poor robustness
properties) to stabilise the system, and superimposing a high bandwidth signal for system identification was
used. Such an approach could be extended to larger scale combustion systems: simple empirically chosen
controllers are easily found for many combustion systems [5,29–31]. These then allow accurate measurement
of the unstable OLTF so that controllers with improved performance and robustness can be designed.
2. The Rijke tube

The Rijke tube provides the simplest means of obtaining combustion instabilities on a laboratory scale.
Although it well-known that Rijke tubes can be stabilised using active control [32–34], a Rijke tube is
considered here to illustrate some principles concerning transfer function measurement and the advantages of
robust controller design. These principles remain relevant when applied to more complex systems exhibiting
combustion instabilities.
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Fig. 1. Experimental set-up of the Rijke tube.
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The Rijke tube used was a vertical quartz tube of length 0:75m and diameter 44mm, as shown in Fig. 1.
A propane-fuelled Bunsen burner provided a laminar flame, which was stabilised on a grid 0:225m above the
bottom of the tube. In the absence of control, the Rijke tube exhibited an instability at 1533 rads�1 (244Hz). A
microphone was fitted to a tube tapping 0:34m from the bottom of the tube, using the semi-infinite line
technique to obtain thermal insulation without distortion from acoustic reflections. Actuation was achieved
using a 50W low-frequency loudspeaker situated close to the lower end of the tube. The loudspeaker was
chosen to have a flat response over the frequency range of interest (500–12 600 rads�1 or 80–2000Hz); above
and below this frequency range, its dynamics became more complicated. Control algorithms were
implemented on a 32-bit digital signal processing (DSP) board, and unsteady measurements were recorded
using a PC-based data-acquisition system.

2.1. Measuring the OLTF

The OLTF needed for control purposes is from the actuator signal to the sensor signal, in this case from the
loudspeaker voltage to the microphone reading. As with all naturally unstable systems, measurement of this
OLTF is complicated by the fact that during instability, nonlinear limit cycle behaviour dominates and masks
the linear relationship that would be observed at low oscillation amplitudes. In order to prevent the growth of
small perturbations, the measurement of linear behaviour is required for controller design.

To overcome this problem, a loudspeaker voltage was used which was comprised of two components:
1.
1

fun

and
A control signal from a trial-and-error controller to eliminate the nonlinear limit cycle.1
2.
 A wide bandwidth signal, in this case, white noise signal from a white noise generator, for identification of
the OLTF.

The voltage was applied to the loudspeaker, the response of the microphone recorded and the ratio of the
Fourier transforms used to deduce the OLTF. It was important to use the total loudspeaker voltage in
deducing the OLTF, not just the white noise component. Care was taken to ensure that each Fourier
transform sample set contained the full range of frequencies. Although the controller signal caused the
loudspeaker input spectrum to have a peak at the unstable frequency, applying loud enough white noise
ensured that this peak did not rise significantly above the white noise level. Because the loudspeaker dynamics
are likely to become complicated at very low and high frequencies, a bandpass filter with a passband from 500
to 12 600 rads�1 (80–2000Hz) was applied to the sensor signal.
The trial-and-error controller was a phase-lead compensator, whose arguments had been estimated using measurement of the transfer

ction during the limit cycle and reversing the phase change across the unstable mode. These coefficients were then varied using trial-

-error, until a stabilising controller was obtained.
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2.2. Analytical model

To provide an insight into the unstable behaviour of the Rijke tube, a mathematical model, based on
previous work [35,36,13], was considered. The frequencies were assumed sufficiently low for the combustion
zone to be compact and for only one-dimensional disturbances to be important. Entropy waves and the mean
flow were neglected, and the speed of sound and mean density throughout the tube were assumed constant (it
has been shown that these modest changes in r and c have little influence on the stability behaviour of the
system [33]). The model parameters are shown in Fig. 2. Distance along the tube is denoted by x with the heat
source at x ¼ 0 and the bottom and top of the tube at x ¼ �xb and x ¼ xt, respectively. These boundaries
have pressure reflection coefficients Rb and Rt, respectively; both will have values close to �1 due to the
atmospheric pressure condition at the open tube ends. The loudspeaker emits a pressure signal LðtÞ.

Below and above the combustion zone (separately), the pressure obeys the linear wave equation. Denoting
below and above the combustion zone by the subscripts 1 and 2, respectively, the pressure and velocity can be
written as

pðx; tÞ ¼ Ai t�
x

c

� �
þ Bi tþ

x

c

� �
; uðx; tÞ ¼

Ai

r c
t�

x

c

� �
�

Bi

r c
tþ

x

c

� �
. (1)

The reflection coefficients at the tube ends allow the inward travelling wave amplitudes, A1 and B2, to be
expressed in terms of the outward travelling wave amplitudes, B1 and A2, respectively. Note that below the
combustion zone, the inward travelling wave also includes a component from the loudspeaker signal, which at
the combustion zone is equal to Lðt� xb=cÞ. To relate the acoustic wave amplitudes either side of the
combustion zone, the linearised flow conservation equations [37] are applied across it. These require zero
pressure difference and a velocity change that is related to the heat release rate per unit cross-sectional area.
Applying these equations, taking Laplace transforms and substituting in the flame transfer function, qðsÞ ¼

r c2HðsÞu1ðsÞ (where q is the instantaneous rate of heat release per unit area and u1 is the fluid velocity just
below the combustion zone), the outward travelling wave amplitudes can be related to the loudspeaker
pressure signal through the following matrix equation:

�1� Rbe
�stb 1þ Rte

�stt

ð1þ ðg� 1ÞHðsÞÞð1� Rbe
�stb Þ

g� 1

1� Rte
�stt

g� 1

2
64

3
75 B1ðsÞ

A2ðsÞ

" #
¼

e�sxb=c

ð1þ ðg� 1ÞHðsÞÞ

g� 1
e�sxb=c

2
64

3
75LðsÞ. (2)

For a pressure sensor above the combustion zone, it is necessary to obtain the transfer function from
the loudspeaker signal, LðtÞ, to the upward travelling pressure wave above the combustion zone, A2ðtÞ. Both
sides of Eq. (2) can be premultiplied by the inverse of the matrix on the left-hand side. If the determinant of
x

pressure sensor

x=xt

x= xref

x=-xb

pref

B1A1
loudspeaker input

Vc

combustion zone

A2 B2

Fig. 2. Diagram of the Rijke tube model.
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this matrix is J then

A2ðsÞ

LðsÞ
¼
�2e�sxb=c

ðg� 1ÞJ
ð1þ ðg� 1ÞHðsÞÞ. (3)

The OLTF required, GmðsÞ, is from the loudspeaker input, Vc, to the microphone pressure, pref . This can be
obtained from Eq. (3) by relating the loudspeaker input and output by W acðsÞ ¼ LðsÞ=V cðsÞ, where W acðsÞ is
the loudspeaker transfer function, and by expressing pref in terms of the acoustic waves above the combustion
zone. Over the frequencies of interest, the loudspeaker dynamics are known to be flat and so W acðsÞ�

constant.

pref ðsÞ

VcðsÞ
¼
�2W acðsÞe

�sðxrefþxbÞ=c

ðg� 1ÞJ
ð1þ Rte

�2sðxt�xref Þ=cÞð1þ ðg� 1ÞHðsÞÞ. (4)

To evaluate this OLTF, a form must be assumed for the flame transfer function, HðsÞ. The simplest type of
flame model, based on a time-lag concept, is assumed in which HðsÞ / e�stH . Substituting in for the geometry
and flow parameters, the predicted OLTF was evaluated. For comparison with the experiments, values of
xb ¼ 0:25m, xt ¼ 0:5m, xref ¼ 0:09m, Rb ¼ Ru ¼ �0:90, W ac ¼ �5 (the negative sign is needed to match the
low-frequency phase response) and g ¼ 1:4 were used. The flame model time delay was chosen to be tH ¼

0:9ms and the speed of sound c ¼ 375m s�1. A measurement time delay of 0.6ms was added to the phase
response. The OLTF was considered both in the absence (HðsÞ ¼ 0, c ¼ 340m s�1) and presence (above
values) of a flame.
2.3. The OLTF

The experimentally measured OLTF is shown in Fig. 3 and the OLTF, as predicted by the mathematical
model, is shown in Fig. 4. To reveal the influence of combustion, both are plotted in the presence and absence
of a flame.

For the transfer functions in the absence of a flame, both the magnitude and phase responses are in excellent
agreement. In the presence of the flame, the agreement is still good, although the pole-zero cancellations (for
example between the pairs of zeros/poles either side of 3000, 6000, 8000 rads�1) are far more pronounced for
the measured OLTF. The magnitude peaks represent system resonances and correspond to the various
‘‘organ-pipe’’ modes of the acoustic waves in an open-ended tube. The shift to higher frequencies in the
presence of combustion is due to the increase in mean temperature.
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Fig. 3. The measured open-loop transfer function of the Rijke tube: —, with flame; , without flame.
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Fig. 4. The predicted open-loop transfer function of the Rijke tube: —, with flame: - - -, without flame.
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Fig. 5. The stability regions of the first mode of the Rijke tube as a function of the heat release time delay, tH .
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By considering each modal peak to be caused by a second-order transfer function, stability information
can be deduced from the phase change across the modal peaks. A phase increase of 180� indicates an
unstable conjugate pair of poles while a phase decrease of 180� indicates a stable conjugate pair. In the absence
of combustion, all modes are stable. This is unsurprising, given the absence of any coupling mechanism to
cause instability. With combustion, the measured transfer function shows that the first (fundamental)
mode has become unstable, with all other modes remaining stable. The same is true in the predicted transfer
function, although stability is found to depend strongly on the value of the flame model time delay, tH .
As shown in Fig. 5, successive changes in tH of approximately p=oo cause the stability of the first mode to
alternate (where oo is the theoretical first mode frequency corresponding to a wavelength of double the
tube length). This corresponds to the intervals at which the heat release changes phase by 180�, and therefore
would be expected from Rayleigh’s criterion. The agreement between the measured and predicted transfer
functions provides physical insight into the measured transfer function, showing that the instability
arises due to the relationship between heat release and acoustic waves, and may be caused entirely by linear
effects.
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2.4. Controller design

To eliminate the complicated loudspeaker dynamics, the bandpass filter was applied to the microphone
signal. The measured OLTF from the loudspeaker input to the filtered microphone voltage, GðsÞ, was then
used in controller design. The Bode and Nyquist plots for this OLTF are shown in Figs. 6 and 7. The main
effect of the filter on the pass-band is to introduce a time delay of about 0.5ms, which manifests itself as an
additional phase gradient. The magnitude shift in the Bode diagram relative to Fig. 3 is due to microphone
voltage rather than microphone pressure now being used.

The system is single-input single-output and so Nyquist techniques provide a suitable means of designing
robust controllers. With this technique, the measured OLTF can be used directly in controller design: subject
to the system having low noise, there is no need to model or approximate what has been measured. According
to the Nyquist criterion, a negative feedback system such as that in Fig. 8 is stable if the number of
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Fig. 6. Bode diagram for the OLTF from the loudspeaker voltage to the filtered microphone voltage.
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Fig. 9. The Nyquist diagram for the controlled system: —, GðioÞKðioÞ for positive o; - - -, GðioÞKðioÞ for negative o; y, unit circle.
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anticlockwise encirclements of the �1 point shown by the controlled OLTF is equal to the number of unstable
poles in the uncontrolled OLTF [38,39]. The phase increase across the first mode confirms that this is the only
unstable mode, and that it has a pair of unstable poles associated with it. The Nyquist plot for GðioÞKðioÞ
therefore needs to encircle the �1 point in an anticlockwise direction twice in order for the closed-loop system
to be stable. The Nyquist plot for GðioÞ has no encirclements of the �1 point. To achieve two encirclements, it
is clear that the controller should introduce both gain and additional phase lag near the frequency of the
unstable mode.

A good choice of controller structure to achieve this is that of a phase lag compensator

KðsÞ ¼
kðsþ baÞ

ðsþ aÞ
where bX1. (5)

The maximum lag should be close to the location of the unstable mode, which from the Bode plot in Fig. 6 is
at a frequency of o ¼ 1600 rads�1. The maximum lag of the phase lag compensator in Eq. (5) occurs at an
approximate frequency of a

ffiffiffi
b

p
, and so good choices of values for the controller are a ¼ 980, b ¼ 2:67. These

values give a good compromise between maximising the phase and gain margins. The value of k is then chosen
to be 3:1 to maximise the gain margin (note that the gain/phase margins must be considered in terms of both
reducing and increasing the gain/phase since two encirclements of the �1 point are required).

The resulting Nyquist plot for GðioÞKðioÞ is shown in Fig. 9. It can be seen that there are indeed
two anticlockwise encirclements of the �1 point and so the controlled system should be stable. The gain
margin is 4.5 dB and the phase margin is 21�, thus the closed-loop system should be reasonably robust to
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plant uncertainties and changes. (If needed, the stability margins could be increased by using a higher-order
controller.)

2.5. Controller implementation

The above controller was implemented on the Rijke tube. The pressure spectra with control is compared to
that without control in Fig. 10, and the time domain effect of switching the controller on is shown in Fig. 11.
The controller eliminates the instability, resulting in a reduction of approximately 80 dB in the microphone
pressure spectrum: this represents a reduction of four orders of magnitude. The controller obtains control
rapidly, with oscillation amplitudes down to 10% of their unstable levels in under 10 oscillations. Although
the loudspeaker voltage is initially large in order to attain control, once control has been achieved, very little
actuator effort is needed to maintain it.
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Fig. 10. The effect of control on the microphone pressure spectrum: - - -, without control; —, with control.
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2.6. Robustness study

The main benefits in using systematic controller design methods such as model-based control are seen in the
controller performance at off-design conditions. In more complicated systems, for example those involving
turbulent combustion or in which the flow conditions vary slightly in time, off-design conditions may occur
regularly during normal operation.

In this system, in order to evaluate the off-design performance of the controller, it was necessary to
introduce some disturbance to the system. This was achieved by adding a variable additional length to the top
of the Rijke tube, causing the frequency of the unstable fundamental mode to vary. For a variety of different
additional lengths, the controller was switched on and the time domain response of the microphone pressure
oscillations recorded. The results, with the same axis scales used for all cases, are shown in Fig. 12. It is
interesting to note that the unstable limit cycle amplitude increases successively with tube length, despite the
microphone location being further from the pressure antinode for the fundamental mode.

The controller was able to attain control up to an increase in tube length of 19%. This compares with the
empirically designed controller, which loses control for a tube length increase of less than 3%, thus
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demonstrating the robustness advantage of using systematically designed controllers. An interesting feature of
the response plots is that the damping of the controlled system decreases as the tube length differs from the
design length, resulting in the controller taking longer to reduce the oscillation amplitude. This corresponds to
the closed-loop poles successively moving from their design point inside the left-half plane, towards the
imaginary axis until they cross and enter the right-half plane, at which point the controller ceases to stabilise
the system. The fact that the damping of the closed-loop system reduces at off design conditions may be
important in applications where the speed of response is critical.
3. The combustion rig

The combustion rig incorporated many more of the effects limiting system measurement and controller
performance in practical combustion systems, such as high noise, turbulent combustion, significant mean flow
and actuation time delays. It was a blow-down atmospheric pressure rig, with the plenum and combustor
comprising of cylindrical pipes, as shown in Fig. 13. A choked plate upstream of the plenum was used to
ensure a steady air flow of 0:04 kg s�1. The plenum chamber was cylindrical along most of its length, but
became annular at its downstream end. The air and fuel were premixed in a counter-rotating radial swirler
which was approximately a 54% scale model of the Rolls-Royce DLE swirler. The fuel used was ethylene,
supplied from a pressurised commercial cylinder. The fuel line between the cylinder and the swirler unit
incorporated a pressure regulator, a plenum and a control valve. The combustion chamber was a quartz tube
which was attached to the swirler unit at one end and was open and unchoked at the other.

Sensor readings were provided by Kistler piezo-electric pressure transducers mounted on side arms of the
quartz tube, 640 and 730mm from the upstream end, again using the semi-infinite line technique. Charge
amplifiers were used to amplify the pressure transducer readings: a voltage of 1V corresponded to a pressure
fluctuation of 104 Pa. Actuation for control was obtained using a control valve on the fuel line to modulate the
fuel supply. The valve was a direct drive valve (DDV) manufactured by Moog, and had a linear response to
applied voltage, with 0 and 10V corresponding to the fully closed and fully open positions, respectively. The
frequency response of the valve position was measured to have a high-frequency 3 dB cutoff of approximately
370Hz (the cut-off frequency of the fuel modulation would be slightly lower than this due to fuel-line inertia).
A plenum on the fuel line upstream of the valve provided mass storage and ensured that the fuel flow rate
through the valve could vary as its open area was modulated. Care was taken to minimise the length of the fuel
line between the valve and the fuel injection. Control algorithms were implemented on the 32-bit DSP board,
and unsteady measurements were recorded using the PC-based data-acquisition system. A more detailed
description of the rig can be found in Ref. [19].

On operating the rig with an air mass flow rate of 0:04 kg s�1 and a fuel-line regulator pressure of 9 bar, it
was found that an instability near 200Hz occurred. This corresponded to the second harmonic in the plenum
[19]. The equivalence ratio at which the instability occurred was always in the range f�0:7–0.9, and varied
depending on the level of acoustic damping in the system. This could, for example, be varied by altering the
open
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Fig. 13. A schematic of the working section of the combustion rig, dimensions in mm.
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seal at the swirler/combustor interface. The lower the acoustic damping, the higher the equivalence ratio at
which the instability near 200Hz occurred and the harsher it sounded, as shown by the pressure spectra for
two different equivalence ratios in Fig. 14.

The different equivalence ratios at which the instability occurred provided a framework for considering
the different open-loop systems associated with the instability. The aim of this work was to design con-
trollers which were sufficiently robust to stabilise the 200Hz instability, no matter which equivalence ratio it
occurred at.

3.1. The OLTF

The OLTF from the valve voltage, V c, to the pressure transducer reading 64mm from the upstream end of
the quartz tube, pref , was measured using the same technique as for the Rijke tube. The valve input signal
consisted of a control signal from a time delay controller which had been empirically designed previously, with
a high bandwidth signal provided by a sinusoid undergoing a frequency sweep from 75 to 350Hz. This
frequency range was chosen to include the dynamics evident in the pressure spectra (Fig. 14) up to the
approximate cut-off frequency of the fuel modulation. To maximise the signal available for transfer function
identification across the frequency range, the amplitude of the frequency sweep was chosen to be as large as
possible, subject to avoiding regular saturation of the valve. The experimental procedure involved running the
rig with the valve signal first constant at 5V, corresponding to the half open position. The equivalence ratio at
which the instability near 200Hz occurred was obtained, before switching on the valve control and frequency
sweep signals.

By altering the seal at the swirler/combustor interface, the equivalence ratio at which the instability occurred
was varied. The frequency responses for the instability occurring at three different equivalence ratios, f�0:73,
f�0:82 and f�0:9, are shown in Fig. 15. All three reveal the presence of three modes in the given frequency
range, one near 100Hz, one near 200Hz and one near 250Hz. The mode frequencies and peak magnitudes are
very similar for the three equivalence ratios, although the width of the peaks and therefore the modal damping
factors vary considerably more. By considering each mode to be the result of a second-order transfer function,
the phase change across the mode peaks can be used to deduce stability information. A phase increase of 180�

indicates an unstable mode, while a phase decrease of 180� indicates a stable mode. The frequency responses
for all three equivalence ratios confirm that the mode near 100Hz is stable while the mode near 200Hz is
unstable. This is consistent with the very large peak near 200Hz in the uncontrolled pressure spectra in
Fig. 14. The mode near 250Hz is harder to interpret; the amount of noise in this higher frequency region
means that unwrapping the phase for the f�0:73 and f�0:82 cases can be done so as to reveal either a phase
increase or decrease of 180� across the mode (see the black and grey alternatives in Fig. 15a). As no significant
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peak near 250Hz is seen in the pressure spectra in Fig. 14, it is clear that the mode near 250Hz is stable and
the phase should be unwrapped to give a phase decrease. Note that for f�0:9 the phase at high frequencies is
obscured by the response to the control signal rather than the identification sine sweep signal (the phase
gradient is exactly equal to the controller time delay), but the uncontrolled pressure spectrum for this case
again suggests that the mode near 250Hz is stable.

A mathematical description for GðsÞ was based on the measured frequency response at f�0:73. The reason
for choosing this equivalence ratio was two-fold; it was the equivalence ratio at which the most experimental
data was available, and furthermore, it corresponded to the operating condition at which the instability is
most commonly run. The description was obtained by hand-fitting the coefficients of a transfer function
structure incorporating three second-order modal peaks. This was found to offer a better fit than formal
system identification, which, due to the number of free parameters in the transfer function and the noise in the
system, did not yield useful results. Furthermore, it was possible to attribute physical meanings (damping
factors, resonant frequencies, etc.) to the parameters being fitted. On fitting to the measured transfer function,
the fit at the frequencies of the modal peaks was deemed more important than at the frequencies between the
peaks, since this would influence the controller design most strongly. The fit at the extreme frequencies of the
sinusoidal frequency sweep (particularly at the upper end) was also deemed less important as the fall off in the
input spectral energy here had resulted in an increased signal-to-noise ratio, and hence a large amount of
uncertainty in the measured transfer function.
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The structure of the transfer function used in the fitting was comprised of three second-order poles
(representing the modal peaks), a second-order zero (representing the low-frequency dynamics of the fuel
delivery system) to allow the phase at low frequencies to be matched, and a time delay (representing the fuel
convection and wave propagation delays in the system) to allow the additional phase gradient to be captured.
The result is shown in Eq. (6). The best-fit value of the damping factor for the 198Hz mode is �0:007,
corresponding to the fact that the mode is unstable with a growth rate of 8:7 s�1

GðsÞ ¼ AGzðsÞGp1ðsÞGp2ðsÞGp3ðsÞe
�Td s,

where

A ¼ 1:4� 10�6; Td ¼ 0:0012 s,

GzðsÞ ¼
s2 þ 2czozsþ o2

z

o2
z

; oz ¼ 2p� 5 rad�1; cz ¼ 0:01,

Gp1ðsÞ ¼
o2

p1

s2 þ 2cp1op1sþ o2
p1

; op1 ¼ 2p� 104 rad�1; cp1 ¼ 0:006,

Gp2ðsÞ ¼
o2

p2

s2 þ 2cp2op2sþ o2
p2

; op2 ¼ 2p� 198 rad�1; cp2 ¼ �0:007,

Gp3ðsÞ ¼
o2

p3

s2 þ 2cp3op3sþ o2
p3

; op3 ¼ 2p� 250 rad�1; cp3 ¼ 0:012. ð6Þ

The frequency response of the mathematical description for GðsÞ is compared to the measured frequency
response for f�0:73 in Fig. 16. The aim of controller design was to design a robust controller which stabilised
the instability near 200Hz, for the range of operating conditions (i.e. equivalence ratios) at which the
instability could occur. To obtain an idea of the stability/robustness margins required when basing controller
design on the fitted transfer function for f�0:73, it is necessary to examine the difference between this fitted
transfer function and each of the measured transfer functions for the three equivalence ratios in Fig. 15. For
the 198Hz peak, the maximum magnitude difference is very small; all three measured transfer functions are
very similar here. The maximum magnitude difference increases slightly for the 104Hz peak, but is largest for
the 250Hz peak where the difference between the fitted transfer function and the magnitude for f�0:9 is
approximately 8 dB. The required gain margin therefore depends on which modes limit the system stability,
but a minimum of 8 dB gives a good guide. The required phase margin is more difficult to estimate,
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particularly as the phase information for f�0:9 is almost meaningless above 200Hz. However, it is clear that a
large phase margin is advisable, ideally in excess of 45�.

3.2. Controller design

Based on the mathematical description for GðsÞ, two controllers were designed to stabilise the combustion
system. It was important to ensure that the controller designs were robust to allow for inaccuracies in the
description for GðsÞ, and also to ensure that stability is maintained at different equivalence ratios exhibiting
the same instability, but with slightly different frequency responses. The control system is based on one sensor
measurement and one actuator signal and so is single-input single-output (SISO). This enabled Nyquist
techniques to be used in the design of two robust controllers.

The Nyquist plot for the mathematical description of GðsÞ is shown in Fig. 17. The open-loop system has
one unstable mode which corresponds to two unstable poles. Assuming a negative feedback control system
(see Fig. 8), the Nyquist plot for GðsÞKðsÞ therefore needs to encircle the �1 point in an anticlockwise direction
twice in order for the closed-loop system to be stable [38,39]. It is clear that the controller will need to provide
both gain and a phase change around 200Hz in order for the required encirclements of the �1 point to be
attained.

It can also be seen from the Nyquist plot that a gain of at least 7 ð¼ 17 dBÞ is required around 200Hz in
order to achieve anticlockwise encirclements of the �1 point. A larger gain may be necessary, depending on
the gain-phase relationship of the controller and the degree of robustness required. The input voltage to the
valve consists of a mean signal of 5V, corresponding to the valve half-open, plus the control signal. If the
magnitude of the control signal is greater than 5V then the valve will saturate. Assuming that the pressure
oscillations for a stable combustion system have amplitudes of the order of 2000 Pa, which is equivalent to a
0.2V pressure transducer reading, a gain of greater than approximately 5=0:2 ¼ 25 ð28 dBÞ will result in valve
saturation. Thus for many controller structures, there will be a direct trade-off between having sufficient gain
around 200Hz to result in stability and robustness, and ensuring that the gain is small enough to avoid
saturation of the valve.

3.2.1. Phase-lag compensator design

From the Nyquist Plot for GðsÞ in Fig. 17, it is clear that a controller which introduces approximately 180�

of either phase lead or phase lag around 200Hz can be used to stabilise the system. In this first design, a
controller based on a phase-lag compensator was considered. Phase-lag compensators reduce the open-loop
gain at high frequencies where there is more uncertainty, and in this respect offer more potential for robust
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design than phase-lead compensators. One drawback of phase-lag compensators with regard to this system is
that they have the effect of increasing the relative gain of the low-frequency mode near 100Hz, which tends to
destabilise the system.

To obtain a sensible compromise between minimising the relative increase in the gain of the mode near
100Hz and ensuring that enough phase lag near 200Hz was achieved, a combination of a phase-lag
compensator and an additional phase lag was used. It was necessary to raise the compensator and lag to the
power of 4 in order to achieve the desired phase around 200Hz

KpcðsÞ ¼
1:1� 1014ðsþ 224Þ4

ðsþ 580Þ4ðsþ 750Þ4
. (7)

The Bode plot for the controller alone is shown in Fig. 18 and the Nyquist plot for the controlled open-loop
system, GðsÞKðsÞ, shown in Fig. 19. The Nyquist plot confirms that the controlled OLTF exhibits two
anticlockwise encirclements of the �1 point, and the closed-loop system will therefore be stable. A measure of
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the system robustness can be obtained by considering the gain and phase margins; these must be considered in
terms of both reducing and increasing the gain and phase. For this controller, the gain and phase margins are
approximately 9 dB and 60�, respectively. Furthermore, the gain of the controller near 200Hz is less than
28 dB, hence valve saturation should not significantly affect the controller performance.
3.2.2. Notch filter design

A notch filter can be also be used to introduce the required phase change near 200Hz. It has the added
benefit that its gain can be chosen to be large over a relatively narrow passband, and the region of high gain
and 180� phase change correspond to one another, which is advantageous for this system. A notch filter of the
form

Knf ðsÞ ¼
1:15� 1013

ðs2 þ 500sþ 12402Þ2
(8)

was used. The Bode plot for the controller is shown in Fig. 20 and the Nyquist plot for the controlled open-
loop system shown in Fig. 21. The gain and phase margins for the controller are approximately 14 dB and 56�,
respectively. Once again, the gain of the controller near 200Hz is less than 28 dB, hence valve saturation
should not significantly affect the controller performance.
3.3. Controller implementation

The controllers were implemented experimentally on the combustion rig. This was performed at two
equivalence ratios, f�0:73, which represented a typical ‘‘low’’ equivalence ratio, and f�0:86, which
represented a typical ‘‘high’’ equivalence ratio. The performance of both controllers was compared to the
‘‘datum’’ time delay controller, K tdðsÞ ¼ 10e�0:005s, which had been designed empirically previously. At
moderate equivalence ratios (f�0:75), this controller achieved a reduction of 29 dB in the transducer pressure
spectrum and did not result in regular saturation of the valve. Based on the mathematical description of the
OLTF presented earlier, its gain and phase margins were 4 dB and 41�, respectively.

It should be noted that as the controllers were designed using linear theory, they would strictly only be
expected to suppress the unstable growth of small (linear) disturbances, rather than to stabilise an unstable
system which has already developed a nonlinear limit cycle. This corresponds with typical requirements for
such controllers; the implications of instability in heavy-duty gas turbines are often so severe that suppressing
the growth to instability is the more practical requirement. In this section, the controllers are activated from
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within an already established limit cycle, and so are being tested under more challenging conditions than they
were designed for.

3.3.1. Phase-lag compensator

The effect of the phase-lag compensator controller was considered at equivalence ratios of f�0:73 and
f�0:86. The resulting pressure spectra at the combustor pressure transducer are shown in Fig. 22, with the
time domain effect of the controller shown in Fig. 23. For both equivalence ratios, control significantly
reduces the size of the 198Hz spectral peak and its harmonics. In the time domain, it is clear that more control
authority is required to initially attain control than to maintain it once it has been achieved. For f�0:73 the
reduction in the 198Hz spectral peak is 41 dB, with the reduction in the maximum spectral level 40 dB. The
controller acts to suppress the instability within a second of being switched on, and the valve does not saturate
once control is achieved. For f�0:86 the reduction in the 198Hz spectral peak is 33 dB, with the reduction in
the maximum spectral level 27 dB. The controller now takes significantly longer to suppress the instability and
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the valve occasionally saturates. The time taken to achieve control was 9 s, although this was not found to be
repeatable. The increase in time to achieve control is most probably due to a combination of a valve saturation
limiting the control authority and a change in the nonlinear limit cycle characteristics under these harsher
instability conditions. The nonlinear effects which give rise to limit cycles in combustion instabilities are not
well-understood [40,25], and so speculating further on the nonlinear effects such as the nonrepeatable time-to-
control are beyond the scope of this paper.
3.3.2. Notch filter

The effect of the notch filter controller was again considered at equivalence ratios of f�0:73 and f�0:86.
The pressure spectra at the pressure transducer are shown in Fig. 24, and the effect of switching control on this
pressure signal and the valve input signal are shown in Fig. 25. For f�0:73 the reduction in the 198Hz
spectral peak is 44 dB, with the reduction in the maximum spectral level 41 dB. The controller again acts to
suppress the instability within a second of being switched on, and the valve signal oscillates with an average
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Table 1

Summary of controller performances for the atmospheric pressure combustion rig

Controller

Time delay (datum) Phase compensator Notch filter

Equiv. ratio 0.75 0.86 0.73 0.86 0.73 0.86

dB reduction 29 No control 40 27 41 34

Time-to-control (s) o0:6 — o0:6 �5 o0:3 �10

(not repeatable) (not repeatable)
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amplitude of only 1.5 V, which is well within the limits of saturation. For f�0:86 the reduction in the 198Hz
spectral peak is 35 dB, with the reduction in the maximum spectral level 34 dB. The controller now takes
significantly longer to suppress the instability, in this case approximately 5 s, although the time to achieve
stability was not repeatable. While trying to achieve stability, the valve saturates, but once control is achieved
the valve signal is again well within the limits of saturation. Of the two controllers, the notch filter offers the
slightly better combination of noise reduction, robustness and avoiding valve saturation.

The performance of the phase compensator, notch filter and datum time delay controllers are summarised in
Table 1.

4. Conclusions

It has been shown that it is possible to accurately measure the open-loop transfer function (OLTF) of an
unstable system, if a controller which stabilises the system can be found empirically. Then, using an actuator
signal comprising the control signal and a high bandwidth identification signal, and measuring the effect on
the sensor, the OLTF needed for model-based controller design can be measured.

The unstable OLTF of a Rijke tube with a microphone for sensing and a loudspeaker for actuation was
measured experimentally using this technique. It confirmed that only the fundamental mode of the Rijke tube
was unstable, which was consistent with the microphone pressure spectrum in the absence of control. A
mathematical form for the OLTF, based a linear acoustic wave model and time-lag heat release model, was
shown to be consistent with the measured OLTF for certain values of the heat release time delay. Based on the
measured OLTF, a stabilising controller in the form of a phase-lag compensator was designed using Nyquist
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techniques. On implementing this controller, the system was rapidly stabilised, reducing the microphone
pressure by approximately 80 dB. A variable additional length at the top of the Rijke tube was used to perform
a robustness study. The controller was able to control the instability up to an increase in tube length of 19%;
this was significantly greater than for the empirically designed controller, which lost control at a tube length
increase of less than 3%. This demonstrated one of the primary advantages of using systematic design
techniques, such as model-based control, in controller design.

An unstable atmospheric pressure combustion rig with an instability near 200Hz was then considered. The
sensor for control was a pressure transducer mounted on the combustion chamber, with actuation provided by
a fuel flow valve. To measure the OLTF from the valve input signal to the pressure transducer reading, a valve
signal comprising a control signal from an empirically designed time delay controller and an identification
signal in the form of a sinusoidal frequency sweep was used. For a given air mass flow rate and fuel-line
regulator pressure, the equivalence ratio at which instability occurred was found to depend on the acoustic
damping in the system. This enabled the OLTF to be measured for the instability occurring at three different
equivalence ratios. The three transfer functions were seen to be sufficiently similar to be stabilised by the same
controller, subject to the controller being designed using robust techniques. A mathematical description for
the OLTF was fitted to the measured data. Using the mathematical description along with Nyquist techniques,
two robust controllers were designed to stabilise the system. Both controllers had gain and phase margins
greater than 9 dB and 56�, respectively. On implementing the controllers experimentally from within the large-
amplitude limit-cycle resulting from the instability, both stabilised the system, eliminating the spectral peak
near 200Hz and its harmonics. The maximum spectral value was reduced by at least 39 dB at moderate
equivalence ratios, which was greater than the reduction achieved by the empirically designed time-delay
controller. More control authority was needed to attain control than to maintain it and the controllers did not
exhibit valve saturation once control had been achieved.

Hence it has been experimentally demonstrated that it is possible to measure the OLTF of unstable
combustion systems. Based on the OLTF, it is possible to design linear robust model-based controllers which
stabilise the system well-beyond the operating condition which they were designed for. Furthermore, as well as
preventing the exponential growth of small (linear) unstable disturbances, these controllers may be able to
attain system stability from within the large-amplitude limit cycle resulting from a developed instability.
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